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MINIMAL SURFACES IN PERTURBED EUCLIDEAN METRIC

ABSTRACT. In this paper we study minimal hypersurfaces in R with respect to Busemann-
Hausdorff measure in a class of Finsler n-spaces (R™. Fy = &+B), called Randers spaces.
where & is the euclidean metric and B = b(z)dy™ is a one form. We investigate the
graphs defined on xy-plane which are invariant under one-dimensional groups of isome-
try of (R3, Fb). These groups reduce the minimal graph equation to an ODE. We obtain
a class of new explicit examples of minimal surfaces in Finsler Geometry.

1. INTRODUCTION

Finsler metrics are more general than Riemannian metrics since the tangent norms need
not be induced by inner products. Nonetheless it is natural to study Riemannian properties
in Finsler geometry. For instance, minimal surfaces in Riemannian manifold is one of the
great topics of research interest. In Finsler space there are two well known volume forms, the
B-H (Busseman-Hausdorff) and the H-T (Holmes-Thompson) volume form. Some advances
in the search for minimal surfaces in this two Finslerian volume forms were made.

In recent years. there has seen much interest and increased research activities in the
Finsler geometry of submanifolds. Using the Busseman-Hausdorff volume form. Z. Shen in-
troduced the notion of mean curvature for Finslerian submanifolds and obtained some global
and local results (see [11]). Later, Q. He and Y. B. Shen (9] used the Holmes-Thompson
volume form to introduce another notion of mean curvature they obtained examples of min-
imal surface of rotation in a special Minkowsky («, 3)-metric. The corresponding Bernstein
type theorems for minimal surfaces were established in [3]. [8] and [15]. It is worth to point
out the local rigidity theorem that was obtained in [17].

At this stage, the construction of examples is helpful for the development of Finslerian
theory of minimal surfaces. In the pioneer work [16] the authors proved the existence and
uniqueness (up to homothety) of the forward complete BH-minimal rotational surface in
a Minkowsky special Randers space. In particular, surfaces described in [16] are explicitly
given. This surface is invariant under the symmetry of rotation around z-axis. Moreover,
in [7] the authors considered Minkowski («. 3)-space and gave the explicit expressions of
rotational minimal surfaces. In Randers space. a well known fact is that the HT-minimal
surfaces are the same minimal surfaces in the Euclidean space (cf. [8]). The first nontrivial
(non-Euclidean) HT-minimal rotational surface in a class of Minkowski («. 3)-spaces was
found in [10]. More examples in Minkowsky Finsler spaces was studied in [4]. [6]. [5]. [9]. [7]

However, there exist a few examples of minimal surfaces in not Minkowsky Finsler spaces.
The first BH-minimal rotational surfaces in special not Minkowsky Randers space was stud-
ied in [14]. still now a few new examples are founded and studied: [6]. [5].

In Rander space there are two forms to calculate mean curvature, the first one is using
Riemannian metric « and an one form . and the second form is using navigation data (
[4] [6] [5]). In this paper we use the firs method considering an euclidean metric /0, y"y”
perturbed by an 1-form b(z)y™*?!, we saw that it is more convenient to use the first technique,
and then study minimal surfaces with respect to Busemann-Hausdorff measure in a special
cases of ‘non Minkowski-Randers” spaces. In contrast to examples obtained in [6] and [14]
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12 MINIMAL SURFACES IN PERTURBED EUCLIDEAN METRIC

5. FOR SOME Fj. THE SPHERE IS MINIMAL

Example 8. Let ¢ : [0.a] — R and L3 : |—a.a] — R some smooth functions with ¢ < 1,
such that

3 2 22 d d| 2 /53y (2.2 2 2
(5.0)  5rA0 =) Lol () = = [PV = PEm) () — 1 - 2% ()]

where f(r) =+1—712 anda > 1.
Defining b(Z) as:
(5.2) (&) = A(V(E)? + (32)2) - La(f(V(E1)? + (22)2)) + La(7),
we have that the sphere centered at the origin whit radius 1, is BH-minimal considering
the Randers metric Fy = y + b(%)y>.
7‘2

For example, we can consider c(r) = - +% in (5.1)

2
(5.3)

—————  95\2 3 1 9 4— 372
= — 2 _ 4 1 Er— 2 — —_—
Lo(f(r) =2V61/6 — 2r2 — 37t + L arcsin ( \/E(T + 3)> + N VST
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ON DOUGLAS WARPED PRODUCT METRICS

NEWTON MAYER SOLORZANO CHAVEZ

ABSTRACT. We study the new warped metric proposed recently by P. Marcar and S.
Shen. We obtain the differential equation of such metrics with vanishing Douglas curva-
ture. By solving this equation. we obtain all Douglas warped product metrics. We show
that Douglas, Landsberg and Berwald warped product metrics are equivalent. We prove
that Douglas Ricci-flat metrics are locally projectively flat. Examples are included.

1. INTRODUCTION

A Finsler metric on a manifold M is a Douglas metric if its Douglas curvature vanishes
identically. The Douglas curvature was introduced by J. Douglas [3] in 1927. Its importance
in Finsler geometry is due to the fact that it is a projective invariant. Namely. if two Finsler
metrics F and F' are projectively equivalent. then F and F have the same Douglas curvature.

The class of Douglas metrics contains all Riemannian metrics and the locally projectively
flat Finsler metrics. However, there are many Douglas metrics which are not Riemannian.
There are also many Douglas metrics which are not locally projectively flat.

The warped product metric was introduced by Bishop and O'Neil [1] to study Riemannian
manifolds of negative curvature, as a generalization of Riemannian product metrics. The
notion of warped products was extended to the case of Finsler manifolds |2, 5]. These metrics
are called Finsler warped product metrics. In [2], it was observed that spherically symmetric
Finsler metrics are actually warped product metrics. In |6], the authors used this observation
and gave all the complete characterization of Douglas Finsler warped product metrics and
some new Douglas metrics of this type were produced by using known spherically symmetric
Douglas metrics given in [8].

Recently, in [7], the authors considered a new class of Finsler metrics using the warped
product notion introduced by Chen, S. and Zhao [2], with another ‘warping”. one that
is consistent with static spacetime. They gave the PDE characterization for the proposed
metrics to be Ricci-flat and they explicitly constructed two non-Riemannian examples. In
this paper. we characterize such metrics with vanishing Douglas curvature in terms of a
differential equation. Then, by solving this equation, we obtain all Douglas warped product
metrics (Theorem 2). We also obtain the Berwald curvature and the Landsberg curvature,
concluding that Douglas, Landsberg and Berwald warped product metrics are equivalent
(Corollary 1). Additionally, we characterize the Ricci-flat Douglas warped product metrics
and we conclude that they are locally projectively flat.

2. PRELIMINARIES

In this section, we give some notations. definitions and lemmas that will be used in the
proof of our main results. Let M be a manifold and let TM = U,e T M be the tangent
bundle of M. where T, M is the tangent space at © € M. We set TM, := TM\{0} where {0}
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12 NEWTON MAYER SOLORZANO CHAVEZ

Example 4. Considering G(t) = % + 2t in (3.15), the following Finsler metric

- @@ O 2
(V@)W + 72 + gl T)yo)

V(T )2+ 72
is of Douglas type, where g is a positive arbitrary differentiable function.

F(x.y) =

Example 5. Considering h(t) = (t> +1)72 and ¢ = 1 in Corollary 1, the following Finsler

metric 0 0 2 ) 0)2 2
y —\Y 8¢°(T)(y" )"+ 7Y _
F(z.y =—arctan(g(m T) — — —v Y
= 5 ) 8 7)(g*(Z)(y°)2+ 72)
is of Douglas type, where g is a positive arbitrary differentiable function. Cbserve that, we
can use any constant ¢ > 1/4.
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(PROVISIONAL TITLE) ON CYLINDRICAL SYMMETRIC DOUGLAS
METRICS

NEWTON SOLORZANO

ABSTRACT. We study the cyndrical symmetric finsler metric .... We obtain the dif-
ferential equation of such metrics with vanishing Douglas curvature. By solving this
equation.... Examples are included.

1. INTRODUCTION

A Finsler metric on a manifold M is a Douglas metric if its Douglas curvature vanishes
identically. The Douglas curvature was introduced by J. Douglas [3] in 1927. Its importance
in Finsler geometry is due to the fact that it is a projective invariant. Namely. if two Finsler
metrics F and F' are projectively equivalent. then F and F have the same Douglas curvature.

There exist important metrics in the literature. as Shen metric on R3:

\/(meyl + x1y2)2 + ((yl)Q + (y2)2 + (y3)2)(1 _ (1.1)2 _ (1.2)2) B 1‘2y1 _ .Z'ly2
1— (21)2 — (22)2 1— (21)2 — (22)2

or metrics founded in |2, 5, 7]

(1.1)

2. PRELIMINARIES

In this section, we give some notations. definitions and lemmas that will be used in the
proof of our main results. Let M be a manifold and let TM = U,e T M be the tangent
bundle of M. where T, M is the tangent space at © € M. We set TM, := TM\{0} where {0}
stands for {(z, 0) @ € M, 0 € T, M}. A Finsler metric on M is a function F' : TM — [0, oc)
with the following properties

(a) Fis C*> on TM,;

(b) At each point = € M. the restriction F, := F r_ps is a Minkowski norm on T, M.

Let B™(p) C R™ the n dimensional open ball of radius p and centered at the origin (n > 2).
Set M =R x B"(p). with coordinates on T'M

(2.1) r= (7). T=(a\....a").

(2.2) y=0"7). 7=0"...y").
Consider the Finsler metric F' defined on M such that

(2.3) F((«°. 0). (4. 0F)) = F((«°. 7). (4. 7))

for every orthogonal n x n matrix O.
Inspired by [9]. (see also [4]) we show the following:
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Let © = O(s. z), any differentiavel function. denotting I'(A) = 2A + zA, + sA;. we have

ud

0 1
8_y0® =E®Z
i@ _1 |02 — (20, + s6,)u]
6yl u S z S
o 1 1k 1 k Kl
aykayz@ 2 |F(Z®z — $O)uru; + Oz’ z” — (I(O) — Of) (' up + z7w) — (20, — s60,)0 ]
W@ =—(6(20, +50;) —T'(2(20, + 50;), + 5(20, + sO;) ;) Jujurw

+[T((20, + 504)s) — (20, + s@s)s]ujukxl
+ (30, + (20, + 50,,) + T(20,. + 50, )|upua’
+[T((20, + s@s)s)]ujulxk
— [D(Ag)]zd b uy — [D(Ags) — A
+ ..
O
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Um estudo sobre conicas no espaco de Randers

1 Resumo

Neste trabalho estudamos as parabolas na geometria de Funk definida sobre o disco
unitario de dimensao dois. Sao obtidas quatro tipos de parabolas como consequéncia
da nao simetria da metrica Funk. Mostramos que dois de elas... Exemplos explicitos
sao incluidos.

Palavras-chave:

Metrica de Finsler. Metrica de Funk. Problema de navegacao. parabolas de Funk

2 Introducao

Continuando o espirito de disseminar de maneira amical o estudo de metricas de
Finsler iniciada em Chavez et al (2021). no presente trabalho introduzimos a definicao
de parabolas de Funk.

Em 1931. Ernst Friedrich Ferdinand Zermelho!. propos o Problema da Navegacio
de Zermelo. que consistia em um classico problema de controle otimo. Estes lidam
com um barco navegando em um corpo de agua. partindo de um ponto A ate um
ponto de destino B. O barco e capaz de alcancar uma certa velocidade maxima.
e procura-se obter o melhor controle possivel para alcancar B no menor tempo
possivel.

Em Chavez et al (2021) os autores consideram o caso particular onde o dominio
e o disco unitario B? centrado na origem e perturbado pelo campo vetorial W =

(—x1. —x2). A formula da distancia ( ou tempo de viagem) nesta situacao. chamada

'E. Zermelho (Berlim, 27 de julho de 1871 — Friburgo, 21 de maio de 1953) foi um matematico

e filosofo alemao, cujo trabalho teve influéncia direta nos Fundamentos da Matematica.
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Processo: 23422.010777/2020-54

Assunto: Referente ao relatorio final de atividades

Interessado: NEWTON MAYER SOLORZANO CHAVEZ

Relator: Victor Arturo Martinez Leon

1. HISTORICO:

O processo trata-se do relatério final de afastamento para pods-doutorado, na
Universidade de Brasilia — UNB, do professor Newton Mayer Solorzano Chaves. O
afastamento para estagio de pds-doutoramento € um dos meios pelo qual os
docentes podem estabelecer uma rede de pesquisa e inserir-se em grupos com
temas similares aos seus proprios objetos de investigacéo. O relator avaliou se a
proposta de trabalho foi seguida e se teve conclusao da pesquisa com base nas
informacdes fornecidas pelo docente.

2. FUNDAMENTOS DO PEDIDO:

Conforme RESOLUCAO N° 35/2021/CONSUN DE 16 DE NOVEMBRO DE 2021,
Durante o periodo de afastamento, o servidor tera suas atividades académicas
acompanhadas pela unidade de Iotagdo, devendo seus relatérios serem
apresentados em reunido do Conselho do Instituto por meio de avaliacdo da
coordenagao do Centro Interdisciplinar onde o servidor se encontra alocado, de
relator previamente indicado para esse fim, visando assegurar o alinhamento
dessas atividades ao planejado, bem como o recebimento, a validacédo e a
disseminacédo de relatorios semestrais e final, e apds sera submetido a
homologacao do CONSUNI.

3. CONSIDERACOES:

No presente relatério final, o professor detalha todas as atividades realizadas
durante os 12 meses de afastamento. O cronograma de trabalho do docente foi
seguido corretamente. Sendo que o professor informou que foi submetido um artigo
para uma revista internacional com corpo editorial e revisor, outro artigo esta em
processo de revisdo final para posterior submissdo e outros dois artigos foram
iniciados. Também o professor informa que participou da disciplina, Topicos de
matematica (liderada pela supervisora), ministrando cinco seminarios e participou
em cinco eventos cientificos (dois deles ministrando palestra e os outros como
participante).
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4. PARECER CONCLUSIVO:
(X) Aprovar
() Aprovar com alteragdes
() Nao aprovar

5. SUGESTOES E OBSERVAGOES

Nenhuma sugestéo e observagéao.

Foz do Iguacgu, 21 de margo de 2022.

ViMA;W

Victor Arturo Martinez Leon
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ATA DA SEXAGESIMA SEXTA REUNIAO ORDINARIA DO CENTRO INTERDISCIPLI-
NAR DE CIENCIAS DA NATUREZA, DA UNIVERSIDADE FEDERAL DA INTEGRACAO
LATINO-AMERICANA, REALIZADA EM DEZENOVE DE ABRIL DE DOIS MIL E VIN-
TE E DO S-mmmmm oo s
Aos dezenove dias do més de abril de dois mil e vinte e dois, as catorze horas, por meio da
plataforma digital — Rede Nacional de Ensino e Pesquisa, reuniram-se os(as) professores(as) que
fazem parte do Centro Interdisciplinar de Ciéncias da Natureza: Adriana Flores de Almeida (Vice
Coordenadora do curso de Matematica), Alana Fernandes Golin, Aline Theodoro Toci, Cleilton
Aparecido Canal, Edson Massayuki Kakuno, Eralcilene Moreira Terezio, Gustavo de Jesus Lopez
Nunez, José Ricardo Cezar Salgado, Marcela Boroski, Marcelo Goncalves Honnicke (Vice
Coordenador do CICN), Marcia Regina Becker (Coordenadora do CICN), Maria das Gracas
Cleophas Porto, Newton Mayer Solorzano Chavez, Paula Andrea Jaramillo Aradjo (Coordenadora
do curso de Quimica), Victor Arturo Martinez Leon. Justificativas de auséncia: Nao houve. Com
quérum legal, iniciou-se a sessdo, para discutir e deliberar a pauta, conforme segue. 1. Informes;
1.1. Demanda de itens de laboratério 2022 - CALENDARIO DE COMPRAS SACT (e-mail
informativo da Diregdo em 31/03/2022); 2. Processo NUP 23422.010777/2020-54: Afastamento
para Pds-Doutorado, aprovacdo do relatério final. Interessado: Newton Mayer Solorzano
Chavez - Relator: Victor Arturo Martinez Leon; 3. Decisdo da forma de distribuicdo interna
dos recursos ILACVN/CICN (por curso ou area). 1. Informes. 1.1. Demanda de itens de
laboratério 2022 - CALENDARIO DE COMPRAS SACT (e-mail informativo da Direcdo em
31/03/2022 — A Coordenadora do CICN, professora Marcia, informou que a Direcdo do Instituto
enviou e-mail no dia 31 de marco do corrente, que trata sobre a solicitacdo dos itens de laboratdrios,
e que foi disponibilizada uma planilha online, para que sejam indicadas as demandas, tais demandas
devem sem ser solicitadas ao Instituto com copia ao Centro, para que seja unificada posteriormente,
que demais duvidas estdo no corpo do e-mail mencionado, e que o Centro pode esclarecer quaisquer
outras davidas que vierem a surgir. 2. Processo NUP 23422.010777/2020-54: Afastamento para
Po6s-Doutorado, aprovacao do relatdrio final. Interessado: Newton Mayer Solorzano Chavez -
Relator: Victor Arturo Martinez Leon — A professora Marcia solicitou que o professor Victor
apresentasse sua relatoria, referente ao relatério final de atividades do professor Newton. O
professor Victor apresentou a relatoria com parecer favoravel, a professora Mércia solicitou a
aprovacdo da relatoria, colocado em votacdo via enquete — Todos de acordo — Aprovado. 3.
Decisé@o da forma de distribuicdo interna dos recursos ILACVN/CICN (por curso ou area). —
A professora Marcia disse que o Instituto enviou e-mail em 31 de margo do corrente, ratificando a
decisdo do CONSUN na reunido de 11 de marco, solicitando que os Centros Interdisciplinares
decidam sobre a forma de distribuicdo dos recursos, sendo que para o CICN foi disponibilizado o
valor de R$ 12.000,00. A professora Marcia perguntou ao grupo como 0s docentes achavam
pretendiam dividir o recurso, se por curso ou area. A professora Aline comentou que acha viavel que
o valor seja distribuido por curso. A professora Marcia solicitou a aprovagdo da distribuicdo dos
recursos, por enquete, sendo a alternativa A, distribuicdo por area, e a alternativa B, distribuicéo por
curso, colocado em votacéo via enquete — Alternativa A: 33% dos votos e a alternativa B: 67% dos
votos, sendo aprovado a alternativa B: distribuicdo dos recursos por curso — Aprovado. E nada
mais havendo a tratar, deu-se por encerrada a reunido as catorze horas e vinte e cinco minutos, da
qual eu Alencar Rodrigues da Silva, lavrei a presente ata, que uma vez aprovada, sera assinada por
mim e pelos presentes.
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